Let Γ be a non-cocompact lattice on a locally finite regular right-angled building X . We prove that if Γ has a strict fundamental domain then Γ is not finitely generated. We use the separation properties of subcomplexes of X called tree-walls.
Our proof of Theorem 1, in Section 3 below, uses the separation properties of subcomplexes of X which we call tree-walls. These generalize the tree-walls (in French, arbre-murs) of I p,q , which were introduced by Bourdon in [B] . We define tree-walls and establish their properties in Section 2 below.
The following examples of non-cocompact lattices on right-angled buildings are known to us.
(1) For i = 1, 2, let G i be a rank one Lie group over a nonarchimedean locally compact field whose Bruhat-Tits building is the locally finite regular or biregular tree T i . Then any irreducible lattice in G = G 1 × G 2 is finitely generated (Raghunathan [Ra] ). Hence by Theorem 1 above, such lattices on X = T 1 × T 2 cannot have strict fundamental domain.
(2) Let Λ be a minimal Kac-Moody group over a finite field F q with right-angled Weyl group W . Then Λ has locally finite, regular right-angled twin buildings X + ∼ = X − , and Λ acts diagonally on the product X + × X − . For q large enough:
(a) By Theorem 0.2 of Carbone-Garland [CG] or Theorem 1(i) of Rémy [Ré] , the stabilizer in Λ of a point in X − is a non-cocompact lattice in Aut(X + ). Any such lattice is contained in a negative maximal spherical parabolic subgroup of Λ, which has strict fundamental domain a sector in X + , and so any such lattice has strict fundamental domain.
(b) By Theorem 1(ii) of Rémy [Ré] , the group Λ is itself a non-cocompact lattice in Aut(X + ) × Aut(X − ). Since Λ is finitely generated, Theorem 1 above implies that Λ does not have strict fundamental domain in X = X + × X − .
(c) By Section 7.3 of Gramlich-Horn-Mühlherr [GHM] , the fixed set G θ of certain involutions θ of Λ is a lattice in Aut(X + ), which is sometimes cocompact and sometimes non-cocompact. Moreover, by [GHM, Remark 7.13] , there exists θ such that G θ is not finitely generated.
(3) In [T] , the first author constructed a functor from graphs of groups to complexes of groups, which extends the corresponding tree lattice to a lattice in Aut(X) where X is a regular right-angled building. The resulting lattice in Aut(X) has strict fundamental domain if and only if the original tree lattice has strict fundamental domain.
Right-angled buildings
In this section we recall the basic definitions and some examples for right-angled buildings. We mostly follow Davis [D] , in particular Section 12.2 and Example 18.1.10. See also [KT, ].
Let (W, S) be a right-angled Coxeter system. That is,
where m ss = 1 for all s ∈ S, and m st ∈ {2, ∞} for all s, t ∈ S with s = t. We will discuss the following examples: • The building X 1 is a tree with each chamber an edge, each s-panel a vertex of valence q s , and each t-panel a vertex of valence q t . That is, X 1 is the (q s , q t )-biregular tree. The apartments of X 1 are bi-infinite rays in this tree.
• The building X 2 has chambers and apartments as shown in Figure 1 below. The r-and s-panels are 1-dimensional and the t-panels are vertices. • The building X 3 has chambers p-gons and s-panels the edges of these p-gons.
If q s = q ≥ 2 for all s ∈ S, then each s-panel is contained in q chambers, and X 3 , equipped with the obvious piecewise hyperbolic metric, is Bourdon's building I p,q .
Tree-walls
We now generalize the notion of tree-wall due to Bourdon [B] . We will use basic facts about buildings, found in, for example, Davis [D] . Our main results concerning tree-walls are Corollary 3 below, which describes three possibilities for tree-walls, and Proposition 6 below, which generalizes the separation property 2.4.A(ii) of [B] .
Let X be as in Section 1 above and let s ∈ S. As in [B, Section 2.4 .A], we define two s-panels of X to be equivalent if they are contained in a common wall of type s in some apartment of X . A tree-wall of type s is then an equivalence class under this relation. We note that in order for walls and thus tree-walls to have a well-defined type, it is necessary only that all finite m st , for s = t, be even. Tree-walls could thus be defined for buildings of type any even Coxeter system, and they would have properties similar to those below. We will however only explicitly consider the right-angled case.
Let T be a tree-wall of X , of type s. We define a chamber φ of X to be epicormic at T if the s-panel of φ is contained in T , and we say that a gallery α = (φ 0 , . . . , φ n ) crosses T if, for some 0 ≤ i < n, the chambers φ i and φ i+1 are epicormic at T .
By the definition of tree-wall, if φ ∈ Ch(X) is epicormic at T and φ ′ ∈ Ch(X) is t-adjacent to φ with t = s, then φ ′ is epicormic at T if and only if m st = 2. Let s ⊥ := {t ∈ S | m st = 2} and denote by s ⊥ the subgroup of W generated by the elements of s ⊥ . If s ⊥ is empty then by convention, s ⊥ is trivial. For the examples in Section 1 above:
• in W 1 , both s ⊥ and t ⊥ are trivial;
• in W 2 , r ⊥ = s ∼ = C 2 and s ⊥ = r ∼ = C 2 , while t ⊥ is trivial; and
Lemma 2 Let T be a tree-wall of X of type s. Let φ be a chamber which is epicormic at T and let A be any apartment containing φ.
(1) The intersection T ∩ A is a wall of A, hence separates A.
(2) There is a bijection between the elements of the group s ⊥ and the set of chambers of A which are epicormic at T and in the same component of A−T ∩A as φ.
Proof Part (1) is immediate from the definition of tree-wall. For Part (2), let w ∈ s ⊥ and let ψ = ψ w be the unique chamber of A such that δ W (φ, ψ) = w. We claim that ψ is epicormic at T and in the same component of A − T ∩ A as φ.
For this, let s 1 · · · s n be a reduced expression for w and let α = (φ 0 , . . . , φ n ) be the minimal gallery from φ = φ 0 to ψ = φ n of type (s 1 , . . . , s n ). Since w is in s ⊥ , we have m sis = 2 for 1 ≤ i ≤ n. Hence by induction each φ i is epicormic at T , and so ψ = φ n is epicormic at T . Moreover, since none of the s i are equal to s, the gallery α does not cross T . Thus ψ = ψ w is in the same component of A − T ∩ A as φ.
It follows that w → ψ w is a well-defined, injective map from s ⊥ to the set of chambers of A which are epicormic at T and in the same component of A − T ∩ A as φ. To complete the proof, we will show that this map is surjective. So let ψ be a chamber of A which is epicormic at T and in the same component of A − T ∩ A as φ, and let w = δ W (φ, ψ).
If s ⊥ is trivial then ψ = φ and w = 1, and we are done. Next suppose that the chambers φ and ψ are t-adjacent, for some t ∈ S. Since both φ and ψ are epicormic at T , either t = s or m st = 2. But ψ is in the same component of A − T ∩ A as φ, so t = s, hence w = t is in s ⊥ as required. If s ⊥ is finite, then finitely many applications of this argument will finish the proof. If s ⊥ is infinite, we have established the base case of an induction on n = l S (w).
For the inductive step, let s 1 · · · s n be a reduced expression for w and let α = (φ 0 , . . . , φ n ) be the minimal gallery from φ = φ 0 to ψ = φ n of type (s 1 , . . . , s n ). Since φ and ψ are in the same component of A − T ∩ A and α is minimal, the gallery α does not cross T . We claim that s n is in s ⊥ . First note that s n = s since α does not cross T and ψ = φ n is epicormic at T . Now denote by T n the tree-wall of X containing the s n -panel φ n−1 ∩ φ n . Since α is minimal and crosses T n , the chambers φ = φ 0 and ψ = φ n are separated by the wall T n ∩ A. Thus the s-panel of φ and the s-panel of ψ are separated by T n ∩ A. As the s-panels of both φ and ψ are in the wall T ∩ A, it follows that the walls T n ∩ A and T ∩ A intersect. Hence m sns = 2, as claimed.
Now let w ′ = ws n = s 1 · · · s n−1 and let ψ ′ be the unique chamber of A such that δ W (φ, ψ ′ ) = w ′ . Since s n is in s ⊥ and ψ ′ is s n -adjacent to ψ , the chamber ψ ′ is epicormic at T and in the same component of A − T ∩ A as φ. Moreover s 1 · · · s n−1 is a reduced expression for w ′ , so l S (w ′ ) = n − 1. Hence by the inductive assumption, w ′ is in s ⊥ . Therefore w = w ′ s n is in s ⊥ , which completes the proof.
Corollary 3
The following possibilities for tree-walls in X may occur.
(1) Every tree-wall of type s is reduced to a vertex if and only if s ⊥ is trivial.
(2) Every tree-wall of type s is finite but not reduced to a vertex if and only if s ⊥ is finite but nontrivial.
(3) Every tree-wall of type s is infinite if and only if s ⊥ is infinite.
Proof Let T , φ, and A be as in Lemma 2 above. The set of s-panels in the wall T ∩ A is in bijection with the set of chambers of A which are epicormic at T and in the same component of A − T ∩ A as φ.
For the examples in Section 1 above:
• in X 1 , every tree-wall of type s and of type t is a vertex;
• in X 2 , the tree-walls of types both r and s are finite and 1-dimensional, while every tree-wall of type t is a vertex; and
• in X 3 , all tree-walls are infinite, and are 1-dimensional.
Corollary 4 Let T , φ, and A be as in Lemma 2 above and let
Proof Let ψ be any chamber of A which is epicormic at T and is in the same component of A − T ∩ A as φ. Then by the proof of Lemma 2 above, w := δ W (φ, ψ) is in s ⊥ . Let ψ ′ be a chamber in the preimage ρ −1 (ψ) and let A ′ be an apartment containing both φ and ψ ′ . Since the retraction ρ preserves W -distances from φ, we have that δ W (φ, ψ ′ ) = w is in s ⊥ . Again by the proof of Lemma 2, it follows that the chamber ψ ′ is epicormic at T . But the image under ρ of the s-panel of ψ ′ is the s-panel of ψ . Thus ρ −1 (T ∩ A) = T , as required.
Lemma 5 Let T be a tree-wall and let φ and φ ′ be two chambers of X . Let α be a minimal gallery from φ to φ ′ and let β be any gallery from φ to φ ′ . If α crosses T then β crosses T .
Proof Suppose that α crosses T . Since α is minimal, there is an apartment A of X which contains α, and hence the wall T ∩ A separates φ from φ ′ . Choose a chamber φ 0 of A which is epicormic at T and consider the retraction ρ = ρ φ 0 ,A onto A centered at φ 0 . Since φ and φ ′ are in A, ρ fixes φ and φ ′ . Hence ρ(β) is a gallery in A from φ to φ ′ , and so ρ(β) crosses T ∩ A. By Corollary 4 above, ρ −1 (T ∩ A) = T . Therefore β crosses T .
Proposition 6 Let T be a tree-wall of type s. Then T separates X into q s galleryconnected components.
Proof Fix an s-panel in T and let φ 1 , . . . , φ qs be the q s chambers containing this panel. Then for all 1 ≤ i < j ≤ q s , the minimal gallery from φ i to φ j is just (φ i , φ j ), and hence crosses T . Thus by Lemma 5 above, any gallery from φ i to φ j crosses T . So the q s chambers φ 1 , . . . , φ qs lie in q s distinct components of X − T .
To complete the proof, we show that T separates X into at most q s components. Let φ be any chamber of X . Then among the chambers φ 1 , . . . , φ qs , there is a unique chamber, say φ 1 , at minimal gallery distance from φ. It suffices to show that φ and φ 1 are in the same component of X − T .
Let α be a minimal gallery from φ to φ 1 and let A be an apartment containing α.
Then there is a unique chamber of A which is s-adjacent to φ 1 . Hence A contains φ i for some i > 1, and the wall T ∩ A separates φ 1 from φ i . Since α is minimal and
, the Exchange Condition (see [D, page 35] ) implies that a minimal gallery from φ to φ i may be obtained by concatenating α with the gallery (φ 1 , φ i ). Since a minimal gallery can cross T ∩ A at most once, α does not cross T ∩ A. Thus φ and φ 1 are in the same component of X − T , as required.
Proof of Theorem
Let G be as in the introduction and let Γ be a non-cocompact lattice in G with strict fundamental domain. Fix a chamber φ 0 of X . For each integer n ≥ 0 define
Then D(0) = Γφ 0 , and for every n > 0 every connected component of D(n) contains a chamber in Γφ 0 . To prove Theorem 1, we will show that there is no n > 0 such that
Let Y be a strict fundamental domain for Γ which contains φ 0 . For each chamber φ of X , denote by φ Y the representative of φ in Y . Lemma 9 For all n > 0, the fundamental domain Y contains a pair of adjacent chambers φ n and φ ′ n such that, if T n denotes the tree-wall separating φ n from φ ′ n :
(1) the chambers φ 0 and φ n are in the same gallery-connected component of
and (3) there is a γ ∈ Stab Γ (φ ′ n ) which does not fix φ n .
Proof Fix n > 0. Since Γ is not cocompact, Y is not compact. Thus there exists a tree-wall T n with T n ∩ Y nonempty such that for every φ ∈ Ch(X) which is epicormic at T n , d W (φ 0 , φ) > n. Let s n be the type of the tree-wall T n . Then by Corollary 8 above, there is a chamber φ n of Y which is epicormic at T n and in the same galleryconnected component of Y − T n ∩ Y as φ 0 , such that for some chamber φ ′ n which is s n -adjacent to φ n , φ ′ n is also in Y . Now, as Γ is a non-cocompact lattice, the orders of the Γ-stabilizers of the chambers in Y are unbounded. Hence the tree-wall T n and chambers φ n and φ ′ n may be chosen so that
Let φ n , φ ′ n , T n , and γ be as in Lemma 9 above and let s = s n be the type of the tree-wall T n . Let α be a gallery in Y − T n ∩ Y from φ 0 to φ n . The chambers φ n and γ · φ n are in two distinct components of X − T n , since they both contain the s-panel φ n ∩ φ ′ n ⊆ T n , which is fixed by γ . Hence the galleries α and γ · α are in two distinct components of X − T n , and so the chambers φ 0 and γ · φ 0 are in two distinct components of X − T n . Denote by X 0 the component of X − T n which contains φ 0 , and put Y 0 = Y ∩ X 0 .
Lemma 10 Let φ be a chamber in X 0 that is epicormic at T n . Then φ Y is in Y 0 and is epicormic at T n ∩ Y .
Proof We consider three cases, corresponding to the possibilities for tree-walls in Corollary 3 above.
(1) If T n is reduced to a vertex, there is only one chamber in X 0 which is epicormic at T n , namely φ n . Thus φ = φ n = φ Y and we are done.
(2) If T n is finite but not reduced to a vertex, the result follows by finitely many applications of Lemma 7 above.
(3) If T n is infinite, the result follows by induction, using Lemma 7 above, on k := min{d W (φ, ψ) | ψ is a chamber of Y 0 epicormic at T n ∩ Y }.
Lemma 11 For all n > 0, the complex D(n) is not connected.
Proof Fix n > 0, and let α be a gallery in X between a chamber in X 0 ∩ Γφ 0 and some chamber φ in X 0 that is epicormic at T n . Let m be the length of α.
By Lemma 7 and Lemma 10 above, the gallery α projects to a gallery β in Y between φ 0 and a chamber φ Y that is epicormic at T n ∩ Y . The gallery β in Y has length at most m.
It follows from (2) of Lemma 9 above that the gallery β in Y has length greater than n. Therefore m > n. Hence the gallery-connected component of D(n) that contains φ 0 is contained in X 0 . As the chamber γ · φ 0 is not in X 0 , it follows that the complex D(n) is not connected.
This completes the proof, as Γ is finitely generated if and only if D(n) is connected for some n.
